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Abstract
Polymer models describing the statistics of biomolecules under confinement have
applications to a wide range of single molecule experimental techniques and give insight
into biologically relevant processes in vivo. In this paper, I determine the transverse
position and bending correlation functions for a wormlike chain confined within slits
and cylinders (with one and two confined dimensions, respectively) using a mean field
approach that enforces rigid constraints on average. I show the theoretical predictions
accurately capture the statistics of a wormlike chain from Configurational Bias Monte
Carlo simulations in both confining geometries for both weak and strong confinement. I
also show that the longitudinal correlation function is accurately computed for a chain
confined to a slit, and leverage the accuracy of the model to suggest an experimen-
tal technique to infer the (often unobservable) transverse statistics from the (directly
observable) longitudinal end-to-end distance.
1 Introduction
Biomolecules are found in complex and highly constrained environments in vivo, with
examples ranging from the confinement of DNA within capsids[1, 2, 3] to crowded cellular
environments[4, 5]. This restriction of the space of available conformations may have a
significant effect on the shape and biological function[6, 7, 8] of a molecule, and alter
the binding kinetics[9, 5] or the dynamical timescales[10, 11, 12, 13, 14, 15, 16] of the
system in vivo. A number of studies have also modeled the prokaryotic chromosome as
a confined homopolymer[17, 18, 19] to predict structural and dynamic features, although
the applicability of homopolymers to eukaryotic chromosomes remains contested[20, 21].
In vitro, a wide range of single molecule experimental setups incorporate confinement to
channels or slits[22, 23, 24] to elongate DNA or other stiff molecules for sequencing or
imaging, study the translocation rates through channels[25, 26], and entropically pin large
macromolecules[27, 28]. Confinement to a slit (parallel plates) has been useful in the
visualization of single molecules under applied forces or stretched via fluidic drag[29, 30].
The potential for high-throughput nanopore DNA sequencing technology[31], in which
DNA translocates through a channel confinement with the intent of sequentially reading
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the nucleic acid sequence, is limited by noise[32, 33] that is dictated by the statistics and
dynamics of a confined polymer. In each of these diverse cases, a complete understanding
of the statistical properties of confined polymers is essential to fully understand biologically
relevant dynamics in vivo or interpret experimental results in vitro.
Due to the ubiquity and importance of confined molecules in vivo and in vitro, a number
of studies have examined the effect of spherical[34], cylindrical or square nanochannel[35],
or slit[36] (parallel plate) geometries on the statistics of a homopolymer. Confinement
effects on a homopolymer depend strongly on the flexibility of the chain (having persis-
tence length lp) in comparison to the confinement dimension R (in this paper R denotes
the radius of a cylinder or half the separation between the plates). The conformations
adopted by flexible chains are dictated solely the entropy and are well described by Flory
theory[37, 38], whereas the free energy for wormlike chains[39] (WLCs) has both entropic
and enthalpic contributions that give rise to a new length scale: the deflection length[40],
ld = (lpR
2)1/3. Extensive theoretical, computational, and experimental work for both
cylinders and slits[41, 42, 43, 44, 45, 46, 47, 48, 40] have confirmed the free energy scales
with ld as βF ∼ L/ld.
The simple wormlike chain model accurately describes the statistics of real biomolecules
trapped in a highly restricted confined environment, despite the idealizations built into
the model. Simulations have shown that excluded volume effects do not significantly af-
fect the statistics of a strongly confined WLC[49, 50] for the chain thickness w sufficiently
small. Hydrodynamics has also been demonstrated to have weak effects on the dynam-
ics of a strongly confined chain[51]. Electrostatic effects on charged wormlike chains like
DNA largely act to modify the persistence length through the Odijk-Skolnik-Fixman (OSF)
theory[52, 53], with an electrostatic persistence length lel ∝ κ−2debye with κdebye the inverse
screening length of the solvent (although there are a number of competing theories[54, 55]
that predict lel ∼ κ−1debye). Regardless of the functional form of the theory, slit confinement
does not significantly alter the ionic effects on the persistence length[37], meaning an ef-
fective wormlike chain can still be used to describe such a system. Theoretical modeling of
real biomolecules confined to slits or cylinders has thus often focused on the strongly con-
fined regime[32, 56], and the interpretation of many experiments are based on predictions
of the WLC model (such as the extension of the chain).
In this paper, I use a mean field approach[57, 34, 58, 59, 60] to analytically determine the
effect of confinement on the position and bending between two points along the backbone
of a wormlike chain in the transverse direction for both cylindrical and slit confinement, a
quantity not readily computed solely from the linear extension. I find that strong confine-
ment produces a damped oscillatory transverse correlation functions, similar to those found
for spherical confinement[35, 61] and in qualitative agreement with a weakly bending rod
approximation[62]. The mean field theory predicts the emergence of two distinct length
scales in the correlation functions: the deflection length that dominates the exponential
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decay of correlations, and another length scale that dictates the frequency of oscillations
in the correlation functions. The theoretical predictions of the mean field theory are better
able to capture the behavior of Monte Carlo simulations of the correlation function than
existing weakly bending rod theories, illustrating the utility of the theory. The model
requires two parameters undetermined by the theory that can be readily computed via
simulations, and I discuss how these parameters can be estimated experimentally.
2 Polymer model
2.1 Wormlike chains and confinement
The classic Kraty-Porod (KP) model[39] forms the discrete foundation of the inexten-
sible Wormlike chain (WLC) model, with a chain composed of N bond vectors ui of
length |ui| = 1 with βEbend = −lp/a
∑N
i=1 ui · ui+1 accounting for an intrinsic resis-
tance to bending over the persistence length, lp = βκba, with κb the energetic penalty to
bending and β = (kBT )
−1 the Boltzmann factor. In the continuum limit (with a → 0,
N → ∞, and L = Na fixed), the energy associated with a particular configuration is
βEwlc =
lp
2
∫ L
0 dsu˙
2(s)+const, with u˙ = ∂u/∂s denoting a differentiation with respect to
the continuous arc length s and with the condition that |u(s)| = a for all s. The rigid
inextensibility constraint makes analytical work with the KP model difficult in all but the
simplest of cases, and a number of approximate methods have been applied to the model
to extract experimentally relevant predictions from the model.
A particularly useful approximation is that of the Weakly Bending Rod (WBR) model[62,
63, 52], which assumes the chain is sufficiently stiff that it can be approximated by small
undulations about an axis. Each bond is assumed to satisfy u ≈ (u⊥,
√
1− u2⊥) ≈ (u⊥, 1−
u2⊥/2) with |u⊥|  1, providing a parametrization that satisfies the inextensibility of the
chain to second order. This leads to an approximate Hamiltonian HWBR =
lp
2
∫ L
0 dsu˙
2
⊥,
with the WBR approximation automatically enforcing the inextensibility constraints. This
approximation has been usefully applied to polymers under an external tension[63] and
charged molecules[52], and more recently to cylindrically confined WLCs. The WBR model
is particularly well suited to cylindrical confinement, where one might expect the domi-
nant axis of the chain to align with the axis of the cylinder for strongly confined chains.
Confinement is imposed[62] by coupling the WBR Hamiltonian to a harmonic potential of
strength γ, with HcylWBR =
lp
2
∫ L
0 dsr¨
2
⊥(s) +
γ
2
∫ L
0 dsr
2
⊥(s) and where r⊥(s) =
∫ s
0 ds
′u⊥(s′) is
the transverse position of the monomer at arc length s along the backbone. The transverse
bending correlation function for this model can be computed exactly[62, 64] in the WBR
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limit, with
〈u⊥(s) · u⊥(s′)〉 = ld
lp
e−|s−s
′|/ld
[
cos
( |s− s′|
ld
)
− sin
( |s− s′|
ld
)]
(1)
where ld is identified as a length scale proportional to the deflection length[40, 42, 48], ld ∝
(lpR
2)1/3 for R the radius of confinement, and 〈· · ·〉 denotes an equilibrium average. Note
that this implies the scaling of the transverse fluctuations must satisfy 〈u2⊥〉 ∼ (R/lp)2/3,
a fact relevant in the next section. Note also that eq. 1 has extrema at |s − s′| = npild/2
for integer n, implying that the correlation functions will necessarily have the lower bound
〈u⊥(s) · u⊥(s′)〉 ≥ −lde−pi/2/lp ∝ (R/lp)2/3. In the WBR approximation, the rod is nearly
extended and one readily finds 〈u||(s) · u||(s′)〉 ≈ 1 − 〈u2⊥〉 = 1 − ld2lp . The mean squared
end-to-end distance for this model is likewise readily computed through the integral Ree =
〈(rL − r0)2〉 =
∫ L
0 dsds
′〈u(s) · u(s′)〉.
The WBR model was successfully applied to cylindrical confinement[62], for which the
dominant axis for the polymer can be assumed to be the same as the confinement axis. A
similar calculation can be performed for a weakly bending rod in slit confinement, although
I am not aware of this application of the WBR model to slits in precisely this manner in the
literature. For a WBR confined to a slit, fluctuations in the confined and one unconfined
dimension are both assumed small. If the confinement is assumed to be applied in the z
direction and the dominant axis of the chain is the x axis, the Hamiltonian in the WBR limit
can be written HslitWBR ≈ lp2
∫ L
0 ds[y¨
2(s)+z¨2(s)]+ γ2
∫ L
0 dsz
2(s). In this limit the confined and
unconfined dimensions are decoupled, and a bending correlation function 〈uz(s)uz(s′)〉 for
slit confinement can be computed using the same techniques 〈u⊥(s) ·u⊥(s′)〉 for cylindrical
confinement, leading to the prediction of a damped oscillatory behavior for the correlation
functions as in eq. 1.
2.2 The mean field Hamiltonian for confined WLC’s
The WBR approximation requires the polymer to be very stiff to accurately model either
a chain weakly confined to a cylinder (γ → 0) or a slit-confined chain (where a strongly
confined chain is effectively two-dimensional). In order to better understand the statistics
of a confined WLC confined to a slit without an assumption of an very stiff polymer,
I adopt a mean field model to capture the rigid constraints on average. This approach
was successfully applied to the determination of correlation functions for WLCs confined
to the interior of a sphere, where constraints are satisfied on average using a quadratic
Hamiltonian. The Hamiltonian is taken to be
βH =
l
2
∫ L
0
dsu˙2(s) + λ||
∫ L
0
dsu2||(s) + λ⊥
∫ L
0
dsu2⊥(s) +
k
R2
∫ L
0
dsr2⊥(s) (2)
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where R is the dimension of the confinement: the cylinder’s radius for two confined di-
mensions (cylinder, dc = 2) or half of the slit separation for one confined dimension (slit,
dc = 1). The Gaussian form of the Hamiltonian permits separation of the confined and
unconfined terms with βH = βH||+ βH⊥. Here, the bending energy is in terms of a mean
field persistence length l, rather than the physical persistence length lp in the KP model,
discussed further below. The free parameters λ||, λ⊥ and k are chosen to satisfy
1
L
〈∫ L
0
dsu2
〉
= 1
1
L
〈∫ L
0
dsu2⊥
〉
= u¯
1
LR2
〈∫ L
0
dsr2⊥
〉
= r¯ (3)
where R2r¯ and u¯ denote the mean squared position and bending in the transverse direction.
The first relation in Eq. 3 satisfies the constraint of inextensibility (since the average mean
squared length of the chain is L). The statistics of the chain in the transverse direction are
satisfied by the last two relations in Eq. 3, constraining the mean squared bending (via the
unknown u¯) and position (via the unknown r¯) in the transverse direction. Note that the
variable u¯ is an undetermined parameter here, but the scaling u¯ ∼ (R/lp)2/3 is expected
due to the WBR theory[62]. This scaling can be confirmed on the mean field level without
holding the transverse fluctuations fixed (data not shown).
Excluding endpoint effects that do not affect the bulk behavior of the chain (discussed fur-
ther in the SI), the free energy of the system can be determined by integration of the Hamil-
tonian in eq. 2 over the confined and unconfined spatial dimensions. The (3−dc) unconfined
dimensions contribute a free energy[60] Funconf = − log
∫ D(u||)e−βH|| = (3−dc)L√λ||/2l,
while the dc confined dimensions contribute[34] Fconf = − log
∫ D(u⊥)e−βH⊥ = dcL(ω+ +
ω−)/2 for ω± =
√
λ⊥
l
(
1±
√
2kl
λ2⊥
)
. The total free energy is then written in terms of the
Lagrange multipliers λ⊥, λ||, and k as
Ftot
L
∼ dc
2
(
ω+ + ω−
)
+
3− dc
2
√
2λ||
l
. (4)
The constraints are imposed by requiring ∂Ftot/∂λ⊥ = Lu¯, ∂Ftot/∂λ|| = L(1 − u¯), and
∂Ftot/∂k = LR2r¯. It is tedious to do so, but differentiation of the free energy with respect
to λ||, λ⊥ and k readily give the solutions
ω± =
dc
4u¯l
(
1±
√
1− 16l
2
d2cR
2
u¯3
r¯
)
λ|| =
(3− dc)2
8l(1− u¯)2 (5)
This leads to the scaling Ftot ∼ L/(lpR2) in the limit as R → 0, recovering the expected
scaling laws. Note that eq. 5 can be written ω± = l−1d ± iωd with ld = 4u¯l/dc and
ωd = l
−1
d
√
16l2u¯3/R2r¯d2c − 1. Here, I have used the suggestive notation of Re(ω±) = l−1d
to indicate its relationship to the deflection length that will be made below.
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2.3 Correlation functions on the mean field level
The transverse and longitudinal bond correlation functions can be readily computed by
writing 〈u⊥(0)·u⊥(L)〉 = ∂/∂α 〈eαu⊥(0)·u⊥(L)〉|α=0 and 〈r⊥(0)·r⊥(L)〉 = ∂/∂α 〈eαr⊥(0)·r⊥(L)〉|α=0.
These averages have been computed previously for the unconfined[60] and confined[34] di-
mensions. It is tedious to compute the correlation function for cylindrical or slit confine-
ment using the solutions in eq. 5, but the eventual result is
〈u⊥(s) · u⊥(s′)〉bulk = u¯e−|∆s|/ld
(
cos(|∆s|ωd)− 1
ldωd
sin(|∆s|ωd)
)
(6)
〈r⊥(s) · r⊥(s′)〉bulk = r¯R2e−|∆s|/ld
(
cos(|∆s|ωd) + 1
ldωd
sin(|∆s|ωd)
)
(7)
Here, I have ignored the excess endpoint fluctuations in the chain (discussed further in the
SI) and used the notation 〈· · ·〉bulk to explicitly indicate that this is an average for points
far from the endpoints of the chain. Noting that 1 + l2dω
2
d = ul
2
d/r¯ immediately implies
that ∂2〈r⊥(s) ·r⊥(s′)〉bulk/∂s∂s′ = r¯R2(1 + l2dω2d)/l2d×e−L/ld
(
cos(Lωd)− 1ldωd sin(Lωd)
)
=
〈u⊥(s) · u⊥(s′)〉bulk, as is required.
The functional form of Eq. 6 closely mirrors that of Eq. 1 derived under the WBR
approximation[62], but with the emergence of a new length scale, ωd. While the deflec-
tion length ld still captures the exponential decay of correlations along the backbone, this
different length scale ω−1d captures the oscillations along the backbone. Assuming that
u = η(R/l)2/3 for R  l (justified by the WBR model that showed 〈u2⊥〉 = (lpR2)1/3),
we find that ωd ∝ l−1d but with a constant of proportionality that is not unity. Rather,
we find limR→0 ωd = l−1d
√
16η3/d2c r¯ − 1 even for infinitely long or for strongly confined
chains. The qualitative features of the MF and WBR models are thus expected to agree,
but quantitative disagreement between the models are expected.
2.4 Longitudinal correlation functions
Computing 〈u||(0) · u||(L)〉 = ∂/∂α 〈eαu||(0)·u||(L)〉|α=0 is also straightforward using the
mean field Hamiltonian[34], from which one readily finds
〈u||(0) · u||(L)〉bulk = e−(3−dc)L/2l(1−u¯) (8)
where again endpoint effects have been neglected. Note that the mean field approach
predicts an exponential decay in the in the correlations on a length scale proportional to
the bare persistence length (rather than the deflection length). This functional form for
the longitudinal correlation functions are known to be incorrect for chains under strong
cylindrical confinement[62] due to the huge energetic cost of chain backfolding[65, 66, 67].
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The global persistence length of a cylindrically confined chain grows very rapidly as a
function of R−1, and the WBR model more accurately predicts the longitudinal correlation
functions (with 〈u||(0) ·u||(L)〉 ≈ const for large L). The failure of the mean field model to
recover the correct behavior in a limit where the WLC becomes effectively one dimensional
has been noted previously[59] in a different context. Despite this failure of the mean field
approach to model the longitudinal correlations for cylindrically confined WLCs, I will show
in the next section that the transverse correlation functions under cylindrical confinement
are still well captured by the theory, as are the statistics of a slit-confined WLC in both
transverse and longitudinal dimensions.
3 Results
3.1 Simulation Methodology
In order to demonstrate the usefulness of the theoretical predictions, I compare the pre-
dicted transverse and longitudinal correlation functions to simulations of confined wormlike
chains. I implement the Configurational Bias Monte Carlo technique[34, 68, 69] for effi-
ciently generating confined WLCs at equilibrium. The algorithm begins with randomly
chosen bond vector whose endpoints are both within the cylinder with one endpoint uni-
formly selected within the confinement volume and iteratively grows new bonds from the
other endpoint. Having grown the chain to length n − 1 (with the most recently grown
bond vector un, the algorithm randomly generates k = 500 trial bonds {vnk} and selects the
lth with probability proportional to its Rosenbluth weight so long as the nth monomer will
still be found within the confinement as well. That is, the lth trial bond with probability
pnl = N−1n eκun·v
n
k /aθ(R−|u⊥,n+vn⊥,l|), with θ(x) = 1 for x > 1 and 0 otherwise, κ the bend-
ing stiffness in units of kT , and Nn chosen to ensure
∑
l p
n
l = 1. A newly generated chain
is associated with the weight Wnew =
∏
nNn, and the new chain is accepted or rejected
after comparison to a previously generated chain. The mth chain is selected uniformly at
random for comparison and its weight Wold is recomputed using the algorithm above except
that the observed bond un is selected as the first trial bond v
n
1 . A new configuration is
accepted according to the Metropolis criterion, with paccept = min(1,Wnew/Wold).
For a variety of values of lp and R, I generate 40,000 configurations for relatively short
chains of N + 1 = 100 monomers, with L = Na the length of the chain. These short
chain lengths are expected to be sufficient for capturing the correlations in the transverse
and longitudinal directions, due to the expected exponential damping in the correlation
functions. Simulations were performed for κ = 40, 20, 10, and 5 for both cylindrical and
slit confinement, with ≥ 200 values of R simulated for each value of κ. The selected values
of R were spaced exponentially so that many more simulations were performed under
conditions of strong confinement (with ≥2/3 of the simulations occurring for lp/R > 1).
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The persistence length of the chain was identified as[50] lp/a = [κ − 1 + κ coth(κ)]/2[κ +
1− κ coth(κ)], with lp/a ≈ κ− 1/2 +O(e−2κ) for κ→∞.
The mean field approach requires two undetermined parameters if endpoint effects are
ignored: u¯ = 〈u2⊥(N/2)〉 (the transverse bending fluctuations far from the endpoints) and
r¯ = 〈r2⊥(N/2)〉/R2 (the transverse position fluctuations relative to the squared confinement
radius far from the endpoints). I am not aware of a simple analytical form for either value
in the literature, although u¯ may be determined for slit confinement by integrating a
numerically determined distribution function[44]. In this paper, I simply use the simulated
values for u¯ and r¯ for chains of N = 100 monomers and varying κ and R (determined
from the mean position of the 50th monomer or bond vector from the 50th monomer).
These values are shown in Fig. 1, and it is readily observed that u¯ as a function of R/lp
collapses onto a single curve for both small and large R for κ = 5, 10, and 20, suggesting
a universal function may describe the transverse bending fluctuations for both cylindrical
and slit confinement. Deviations from the universal scaling observed for κ = 40 are due to
finite size effects, described in the SI. It is useful to determine an interpolation for u as a
function of lp/R and satisfying the known limits for small and large R: u = 1/3 or 2/3 for
slit and cylindrical confinement respectively when R→∞, and u ∼ (R/lp)2/3 for small R.
Defining x = R/lp (with weak confinement in the limit of x→∞ and strong confinement
when x→ 0), a family of simple functions that satisfies these limits is
u¯(x) ≈ dc
3
(
1 +
1
x2/3gdc(x)
)−1
, (9)
for some unknown gd(x) (with the assumption gd(0) 6= 0). If x2/3gd(x) → ∞ as x → ∞
(the weakly confined limit of large R), eq. 9 will yield the expected limits of u = dc/3
for weakly confined chains and u ∝ x2/3 for strongly confined chains. For simplicity I
take gd(x) ≈ g(0)d + g(1)d x + · · ·, and use Mathematica’s NonlinearModelFit to determine
the fitting coefficients from the simulated data, shown in Fig. 1(a) for multiple values of
lp. Fitting the combined data for κ < 40 for each geometry, the resulting best fit shows
g
(2)
i ≈ 0 and retaining only the linear term g(1)d yields the best fit values
u¯slit(lp/R) ≈ 1
3
(
1 +
(lp/R)
2/3
1.34 + 2.31R/lp
)−1
u¯cyl(lp/R) ≈ 2
3
(
1 +
(lp/R)
2/3
1.79 + 4.41R/lp
)−1
(10)
These give the the leading order term uslit ≈ 0.4(R/lp)2/3 and ucylinder ≈ 1.1(R/lp)2/3, in
accordance with the expected scaling. For cylindrical confinement, the data for κ = 40
show significant deviation from the best fit trend (the solid black line) compared to more
flexible chains. This deviation is due to finite size effects (described further in the SI): the
persistence length lp ≈ 40 is sufficiently large relative to L = 100 that endpoint effects
cannot be neglected. Fitting κ = 40 alone, indicated by the dashed line in Fig. 1 increases
g
(0)
d by 18% (13%) for slit (cylindrical) confinement and changes the functional form of
8
gd(x) so that only the quadratic (rather than linear term) contributes. Eq. 10 is expected
to be valid for sufficiently long (with L/lp  1) confined chains.
(A) (B)
Figure 1: (A) u = 〈u2⊥(N/2)〉 as a function of confinement strength R/lp for slit (main
panel) and cylindrical (inset) confinement. Shown are κ = 5 (triangles), 10 (squares), 20
(diamonds), and 40 (circles). Lines show the empirical fitting of eq. 10, which are quite
good over multiple decades of data. The transition to the Odijk regime with u ∼ (R/lp)2/3
begins near R/lp on the order of 1 as expected[44]. (B) shows r¯ as a function of lp/R,
exhibiting a clearly nonmontonic behavior.
I am not aware of an explicit prediction of the scaling of r¯ = 〈r2⊥〉/R2 as a function of R for
a slit or cylindrically confined wormlike chain, although numerical studies of the shape of
the transverse position distributions of confined WLCs have been performed for strongly
confined chains[44, 47]. The dependence of r¯ on lp/R is shown in Fig. 1 for cylindrical
confinement, with a non-monotonic and non-universal behavior as the confinement becomes
stronger, and a bound of 0.1 < r¯ < 0.4. For well-separated slits, the hight of the rod will be
uniformly distributed and r¯ = R−3
∫ R
−R dzz
2 = 1/3, consistent with the large R behavior
in Fig. 1. For a Gaussian chain confined between parallel plates[44], the mean squared
distance from the plates is shown in the SI to be 〈r2⊥〉 = 〈z2〉 = 1 − 8/pi2 ≈ 0.19, a value
slightly larger than the minimum observed in Fig. 1 (of r¯minslit ≈ 0.18). This suggests the
minima in r¯ correspond to the weakly confined limit of the chain (where confinement has
an affect on its statistics but the Odijk scaling has not yet emerged). In the limit of R→ 0,
the mean squared height will again be uniformly distributed (as a long rigid rod would be
found in a plane with a constant value of z). This is consistent with the oscillations of
r¯ around a value of 1/3 seen for small R. A similar analysis shows that the limits for
cylindrical confinement should be r¯ = R−2
∫ r
0 drr
3/
∫ R
0 drr = 1/2 for small and large R,
and r¯ ≈ 0.35 for a Gaussian chain confined to a cylinder (discussed further in the SI).
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The non-monotonic behavior of r¯ and the numerical values of the minimum and extreme
limits of R → 0 and R → ∞ observed in Fig. 1(B) are consistent with these expected
limits.
3.2 Best fit correlation functions from the mean field and weakling bend-
ing rod predictions
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Figure 2: Best fit for eq. 6 (A-B) and eq. 1(C,D) for the transverse correlation functions
for slit confinement, with R/lp ≈ 0.33 (A,C) and 1.5 (B,D). Blue circles indicate lp/a = 20,
red squares lp/a = 10, and purple triangles lp/a = 5. The MF fits (A-B) utilize two fitting
parameters (ld and ωd), while the WBR fits (C-D) utilize only one (ld). The indicated values
of ld/lp show that the exponential decay length have the same order of magnitude between
the two models, but that the WBR model may under- or over-estimate the oscillations in
the correlation function.
In order to assess the accuracy of the mean field approach, in Figs 2 and 3 I show the best fit
to the simulated transverse bending and position correlation functions for cylindrical and
slit confinement using eqs. 6. For each value of lp/a ≈ κ−1/2 and R, the deflection length
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Figure 3: Best fit for eq. 6 (A-B) and eq. 1 (C-D) for the transverse correlation functions
for cylindrical confinement, using the same parameters and color scheme as Fig. 2. The
MF fitting captures the quantitative details of the exponential decay and oscillations in
the correlation functions. The best fits for the WBR accurately predict the position of the
minimum values, but tends to underestimate the decay lengths.
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and frequency ld and ωd as taken as two fitting parameters without using their predicted
values (which will be discussed in later sections). In both figures, the MF theory and
simulations are in excellent quantitative agreement over the full range of |s− s′| for strong
confinement (with R/lp ≈ 1/3, depicted in Figs 2(A) and 3(A)). The WBR theory, which
has a single fitting parameter (ld) instead of two parameters of the MF approach, accurately
captures the qualitative behavior of the correlation functions for strong cylindrical and slit
confinement (Figs 2(C) and 3(C)), but some quantitative features are not well described by
a single decay length ld. It is of course unsurprising that a fitting with two free parameters
is able to produce a better overall fit of the data, but Figs. 2 and 3 demonstrate that
the additional length scale ω−1d , capturing an oscillation length scale that is distinct from
the exponential decay, is necessary to quantitatively describe the statistics of a confined
wormlike chain. For intermediate confinement (with R/lp ≈ 3/2, depicted in 2(B,D) and
3(B,D)), where the Odijk scaling of β∆F ∼ L/ld is no longer expected to hold, the WBR
approach has better quantitative agreement with simulations than for strong confinement
(although the best fit for the MF model remains more accurate).
The terms associated with the exponential decay in eqs 1 (for WBR) or 6 (for MF) are
identified as the deflection length, and it is expected that ld ∼ (lpR2)1/3 for strongly con-
fined chains. In Fig. 4, the behavior of the best fit values of ld as a function of the strength
of confinement are shown for the slit and cylinder (in Fig. 4(A) and (B) respectively). For
cylinder confinement, the measured values of ld do not differ significantly between the two
theories and the scaling ld ∝ (lpR2)1/3 is consistent across both theories. For slit confine-
ment, there is a more significant difference between the theoretical approaches (with the
MF approach generally giving a greater estimate for ld). The solid lines show the scaling
ld ∼ l1/3p R2/3 as guides to the eye, with a different scaling of ld ∝ l0.2p R0.66 appearing to
give a better agreement for the best fit values of ld using the WBR theory. The fitting with
the MF method for cylindrical confinement is noisy due to the presence of two independent
parameters in the fitting, and while there is no obvious inconsistency with the expected
scaling it is difficult to precisely conclude if the fitting for ld is correct. It is important to
emphasize that the deflection length is not generally extracted from correlation functions
〈u⊥(s) · u⊥(s′)〉, but rather from measurements of the extension[32], 〈|Z|〉. These results
thus do not indicate a disagreement between the MF theory and the existing experimental
literature on cylindrically confined wormlike chains, but rather suggest that the MF ap-
proach will give an accurate measure of the transverse correlations for cylindrically confined
chains given those experimental data.
3.3 Effective longitudinal persistence length for varying confinement strength
Longitudinal bending correlations are predicted to decay exponentially on a length scale
proportional to the mean field persistence length l in eq. 8, with a constant of proportion-
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(A)
d
(B)
Figure 4: The scaling of the deflection length ld (nondimensionalized by lp) computed via
the best fit between the MF theory (filled symbols) and the WBR theory (open symbols)
as a function of R/lp (log-log axes). (A) shows the fitting for slit confinement and (B) the
fitting for cylindrical confinement. In (A), both methods agree with the expected scaling
of ld/lp ∼ (R/lp)2/3 (as indicated by the line, a guide to the eye and not a best fit) up to
R/lp ≈ 1/3 where the strongly confined regime ends. In (B), there is a more significant
difference between the two theories, and the expected scaling appears to be better recovered
using eq. 6 in comparison to eq. 1.
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ality dependent on the transverse bending fluctuations u¯ = 〈u2⊥〉. As discussed above, an
exponential decay in the longitudinal bending correlations has been shown to be incorrect
in the limit of l/R  1 for cylindrical confinement (where 〈u⊥(s) · u⊥(s′)〉 ≈ const). A
cylindrically confined WLC behaves as an approximately one-dimensional system (having
bonds pointed in the ±z direction) and continuum Hamiltonian as in eq. 2 cannot ac-
curately model such a discrete system. No such failure in the longitudinal correlations is
expected for WLCs confined to slits, where the correlation functions converge on a three
dimensional system for R→∞ (where 〈u||(s) · u||(s′)〉 = e−|s−s′|/lp), and to a two dimen-
sional system for R→ 0 (where 〈u||(s) · u||(s′)〉 = e−|s−s′|/2lp).
(B) (C)(A)
Figure 5: Fitting of longitudinal correlation functions under slit confinement. Blue circles
refer to κ = 20, red squares to κ = 10, and purple triangles to κ = 5. (A) the best fit value
of σfit for an exponentially decaying correlation function (〈u||(s) · u||(s′)〉 ∝ e−|s−s′|/σfit),
normalized by σ(u¯) described in the text. Deviations from the theory are within 10%
and appear independent of lp. (B) Comparison of the predicted e
−|s−s′|/σ(u) decay to the
simulated correlation functions for R ≈ 2a. Using u¯ = 〈u2⊥(50)〉 measured directly from the
simulations, no fitting parameters are used. (C) comparison of the theory and simulations
for u¯ ≈ 0.25, where the deviation between theory and simulation is greatest in (A). The
theoretical predictions agree reasonably well with the simulations even in this worst case.
It is important to note that the exponent in eq. 8, 〈u||(s) · u||(s′)〉 = e−|s−s′|/l(1−u¯) does
not satisfy the expected behavior in both of these limits for slit confined chains either. For
R → 0, we expect u¯ → 0, the correlation function converges to 〈u||(s)u||(s′)〉 = e−|s−s′|/l
and for R→∞, where u¯→ 13 , the correlation function converges to e−3L/2l. The failure to
precisely recover the known decay length is a previously recognized issue with this mean
field approach[34], and is resolved by modifying the mean field persistence length, l, so that
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the correlation function satisfies the expected limits. The mean field persistence length will
satisfy l = lp × f(u¯) for some unknown function f(u¯), with f(0) = 2 (matching the two
dimensional decay length of l = 2lp) and f(1/3) = 3/2 (matching the three dimensional
decay length of l = 3lp/2). A linear interpolation that satisfies the boundary conditions
is l(u¯) = 2lp(1 − 34 u¯), with the decay of the longitudinal correlations thus expected to
satisfy
〈u||(s) · u||(s′)〉 ∝ e−|∆s|/lp(1−3u¯/4)(1−u¯) = e−|∆s|/σ(u¯). (11)
with σ(u¯) the decay length using this interpolation.
Fig. 5(A) shows the best fit correlation length, σfit, for all simulated values of κ and
R, normalized by the expected σ(u¯). The deviation between the fit and predicted length
scales is . 10% over the observed values of u¯. While a more detailed model may be
able to better fit the simulations by utilizing a free parameter for fitting (e.g. fitting l/lp
using a third-order polynomial gives an improvement to . 5% deviation). However, the
simple approximation implemented here solely uses the predictions in eq. 8 combined
with an interpolation dictated by the expected boundary conditions. The quality of the
agreement between the exponential fit e−|s−s′|/σ(u¯) are shown in Fig 5(B) for strongly
confined examples (with R = 2a) and (C) for values of R for which u¯ = 〈u2⊥〉 ≈ 0.25 (where
the deviation in Fig. 5(A) are greatest). In both cases, the theoretical predictions are in
good agreement with the simulations. The mean field longitudinal decay length of σ(u¯)
adequately describes the correlation length of slit confined wormlike chains while requiring
only one parameter: the mean transverse bending u¯ = 〈u2⊥〉.
3.4 Inferring transverse fluctuations from the longitudinal end-to-end
distance in slit-confined chains
It is often the case experimentally that confined polymers are readily visible in some dimen-
sions, but difficult to directly observe in others. Generally, a direct observation of chain
statistics in the x−y plane may be possible for either cylindrical (or channels with a square
cross-section) or slit confinement[56, 24], since the chain is directly visible on a length scale
L in e.g. a fluorescence experiment. Observation in the confined dimension z may be
infeasible, since fluctuations in the chain are on the confinement length scale R  L. For
cylindrically confined chains, one expects the fluctuations along the directly-observable y
axis are the same as along the unobservable z axis by symmetry. However, slit-confined
chains have no such symmetry, and an observation in the x − y plane gives no immedi-
ate information about transverse fluctuations. The functional form of eq. 11 shows the
longitudinal correlation function does have a dependence on u¯, which is the mean squared
bending in the transverse direction. Thus, by extracting the parameter u¯ experimentally
from a longitudinal observation, the transverse statistics can be inferred.
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(A) (B)
Figure 6: (A) Examples of the extracted transverse correlation functions for a few values
of R and lp, with u¯ inferred from the longitudinal correlation function. Red squares (both
filled and empty) indicate κ = 10 for R = 4a and R = 8a respectively, with blue circles
κ = 20 and R = 3.3a. The lines are not a fit, but rather use the value of u¯ extracted from
eq. 12 in evaluating eq. 6, along with the approximation r¯ ≈ 1/3. (B) Inferred transverse
end-to-end distance compared to the simulated values for various lp and R (coloring the
same as in Fig. 1). The dashed line has slope 1. The theoretical prediction in eq. 6 with
u¯ extracted from the longitudinal bending correlation function as described in the text.
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For a WLC confined in a slit, the parameter u¯ can be directly measured through fitting of a
correlation function (in eq. 11) or more easily by measuring the longitudinal mean-squared
end-to-end distance,
〈R2||〉 =
∫ L
0
〈u||(s) · u||(s′)〉 = 2(1− u¯)Lσ(u¯)
(
1− σ(u¯)
L
[
1− e−L/σ(u¯)
])
(12)
computed from eq. 11. 〈R2||〉 is a statistic requiring only a measurement of the separation
between endpoints observed in the x − y plane, without having to directly observe the
confined dimension. An experimental measurement of 〈R2||〉 can thus be used to determine
σ(u¯) from eq. 12, from which the purely transverse quantity u¯ = 〈u2⊥〉 can be determined
(assuming L and R are known a priori). The statistics of the chain in the transverse
direction depend on the two unknown parameters u¯ (which can be inferred using eq. 12)
and as well as the unknown r¯. While this latter quantity cannot be estimated from the
longitudinal statistics, for strong slit confinement we expect r¯ ≈ 1/3. It is thus possible to
estimate the transverse correlation function (shown in Fig. 6(A)) or the transverse end-to-
end distance, 〈R2⊥〉 =
∫ L
0 dsds
′〈u⊥(s)u⊥(s′) (shown in Fig. 6(B)) by observing solely the
longitudinal statistics. The agreement between the simulated and inferred statistics are
excellent over a wide range of lp and R, and the inference works well even for κ = 40 (for
which finite size effects play a more significant role for the short chains simulated). These
data suggest that the MF theory can be used to accurately describe fluctuations in the
confined dimensions, even if they cannot be directly observed experimentally.
In addition to the transverse statistics that can be extracted from the longitudinal end-
to-end distance, the bulk properties of the polymer can also be inferred using eq. 12.
Accurate knowledge a priori of both the persistence length lp and slit confinement width
2R is sufficient to estimate u¯ from eq. 10. If these quantities are known, the contour length
of the chain could be inferred explicitly using only longitudinal observations from eq. 12,
without need to directly observe transverse fluctuations. Alternatively, a priori knowledge
of L and R can permit the inference of the persistence length solely from the longitudinal
statistics, by solving eq. 10 for lp having determined u¯ from eq. 12. In Fig. 7(A), there
is generally good agreement for the inferred length Linf (given the simulated values of lp
and R) for u¯ = 1/3 (weak confinement) and for u¯→ 0 (strong confinement), but errors are
larger when u¯ ≈ 0.2 (intermediate confinement). Fig. 7(B) similarly shows the inferred
persistence length for linf (given knowledge of L and R), with a similar agreement with
the simulations as in Fig. 7(A).
4 Conclusions and Discussion
In this paper, I have used a mean field theory to analytically determine the transverse
and longitudinal position and bending correlation functions for wormlike chains confined
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(B)(A)
Figure 7: (A) Inferred length of the chain Linf normalized by the simulated chain length
L = 99a as a function of u¯, where the interpolation in eq. 10 were used for u¯, with the same
color scheme as in Fig. 1. Variations are on the order of 10% for the more flexible chains,
but the inferred length tends to be more accurate for stiffer or more strongly confined chains
(smaller u¯). (B) shows the inferred persistence length of the chain and gives a variation on
the order of 10%, consistent with (A).
to either cylinders or slits. The model predicts the emergence of two length scales in the
correlation function: an exponential decay length associated with the well known deflection
length (ld), and a distinct length scale associated with oscillations in the correlation func-
tions (ω−1d ) previously unreported in the literature. The predicted correlation functions are
in excellent agreement with the results of Configurational Bias Monte Carlo simulations,
confirming the accuracy of the model. Local bending correlations are observed have more
prominent oscillations than is predicted using a weakly-bending rod approach for cylindri-
cally confined chains, indicating local wrapping around the axis of the cylinder (indicated
by a negative transverse bond correlation function) may play a significant role in the local
statistics of confined biomolecules.
It is important to note that the free energy F ∼ L(ω1 + ω2) ∼ L/ld using the mean
field approach as R → 0, which is consistent with the already well-developed work in the
field of cylinder- or slit-confined wormlike chains. The emergence of the new lengthscale
ω−1d thus does not indicate an inconsistency between the current work and the existing
literature: extensive contributions to the free energy are dominated by the deflection length.
The predictions made here are thus suggestive that local correlations and fluctuations
may involve this additional length scale. This result may have important implications for
nanopore sequencing techniques, for which noise statistics may depend strongly on the
local fluctuations in the chain. The general agreement between the mean field and WBR
theories for slit confinement in Fig. 4 as well as the reasonable agreement between the fits
in Fig. 2 suggest ω−1d ≈ ld for a WLC confined between plates, and largely validates both
theoretical approaches. However, the significant disagreement between the two theories for
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cylindrically confined chains suggest this additional length scale may play an important role
in understanding the local correlations and fluctuations for strongly confined chains.
Despite the useful predictions made for transverse correlations in cylindrical confinement,
this model cannot capture the expected statistics of the linear extension of a cylindrically
confined wormlike chain (which has the predicted scaling of 〈|Z|〉/L − 1 ∼ ld/lp). This
failure is due to the theory’s incorrect prediction of an exponentially decaying longitudinal
correlation length rather than the expected 〈u||(s)u||(s′)〉=const for cylindrical confinement.
This issue arises because the mean field theory assumes a probability distribution of u||(s)
that is peaked at 0, rather than near ±1 in the limit of R → 0. Overcoming this problem
would require additional assumptions in the theory to bias the most probable value of u||(s)
towards a nonzero value, which the assumptions underlying the WBR theory or quasi-one
dimensional theories[70] might make possible. A hybrid theory, implementing the mean
field approach with additional assumptions from these other theories, would also be useful
in the context of backfolding of confined wormlike chains[71, 67], where strongly confined
chains sometimes experience tight bends (changing their direction in the channel) over a
length scale termed the ‘global’ persistence length, g. Application of the mean field theory
presented in this paper to predict g is planned for future work.
The statistics for slit-confined chains are accurately predicted for both the transverse and
longitudinal dimensions (unlike cylindrical confinement), and in this paper I have sug-
gested a method by which predictions about the transverse statistics of the chains can
be made using only direct observations of the longitudinal dimensions. This theory can
in principle be extended to account for external tensions or fields, which have previously
been realized experimentally[24], to better understand the the stretching of confined DNA
in single molecule experiments. Throughout this paper I have relied on the assumption
that electrostatic effects are negligible, with the underlying approximation that the elec-
trostatic contribution to the persistence length (lp = lbare + lel) is independent of R. This
theoretical approach can be applied to determine[55] lel(R) for slit-confined charged WLCs
to validate this underlying assumption of a constant lel, a possible avenue for future work.
The accuracy of the theory for both transverse and longitudinal correlation functions for
slit-confined chains suggests the approaches described in this paper may prove useful for
better understanding a wide range of experimentally relevant conditions.
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5 SI
5.1 Endpoint effects in the simulations for large κ
For slit and cylindrical confinement, the mean transverse fluctuations u¯ = 〈u2⊥〉 collapse
onto a single curve for κ = 5, 10, 20. The agreement for κ = 40 is reasonable for slit
confinement, but it is evident that κ = 40 does not collapse onto the same curve in the
simulations. This is due to the finite length of the chains, as shown in SI Fig 8. The
mean field model assumes the bulk behavior of the chain 〈u2⊥〉 ≈const for points far from
the endpoints of the chain, but SI Fig 8 shows that 〈u2(s)〉 does not reach a saturating
value for interior points of a cylindrically confined chain for κ = 40 and R/lp ≈ 0.33, while
saturation is evident for κ = 20 over a wide range of s. These boundary effects prevent
an accurate identification of u for strongly confined cylindrical chains. Similar effects are
observed for slit confined chains, shown in SI Fig. 8(B). Endpoint effects persist over
a range on the order of lp, and strongly confined stiff chains are expected to have bulk
behavior as long as L  lp  R. The choice of L = 100a in these simulations makes the
underlying assumptions of the MF model only approximate and a meaningful identification
of u difficult by simply sampling the interior points. It is worth emphasizing that the mean
field parameters ld and ωd can still be accurately used as fitting parameters (as in Fig.
3(A)) without requiring an estimate of u¯. In this paper, the simulations for κ = 40 are
excluded from the fitting of l(u).
5.2 Endpoint effects on the Mean Field approach
The global constraints in eq. 3 are generally insufficient to determine the statistics of
a polymer on the mean field level, due to excess fluctuations at the endpoints[34, 60].
These excess fluctuations are suppressed by imposing additional constraints that ensure
1
2〈u2(0) + u2(L)〉 = 1, 12〈u2⊥(0) + u2⊥(L)〉 = u¯e, 12R2 〈r2⊥(0) + r2⊥(L)〉 = r¯e, and 〈r⊥(0) ·
u⊥(0)〉 = 〈r⊥(L) · u⊥(L)〉. The first constraint ensures the endpoint bond vectors to have
fixed length, the second and third constraints fix the mean squared transverse endpoint
bond vectors and positions at u¯e and r¯R
2 respectively, and the third arises from a symmetry
argument[34]. Defining C(r0, rL) = δ(u
2
0 + u
2
L − 2) + δ⊥(u2⊥,0 + u2⊥,L − 2ue) + γ1(r2⊥,0 +
r2⊥,L − 2R2r¯e) + γ2(r⊥,0 · u⊥,0 − r⊥,0 · u⊥,0) to account for the endpoint constraints with
the six Lagrange multipliers λ, λ||, k, δ, γ1 and γ2, one can compute the partition function
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(A) (B)Cylinder Slit
Figure 8: Mean squared transverse bending as a function of arc length for cylindrically
confined chains with R/lp ≈ 0.33 (A) or slit confined chains with R/lp ≈ 0.56 (B). Shown
are simulation results for κ = 20 (blue) and 40 (black). For both (A) and (B), the sim-
ulations with κ = 20 have reached a bulk condition near the center of the chain (where
〈u2⊥(s)〉 ≈const near s = L/2), while inhomogeneity in the root mean transverse bending
are observed for κ = 40 throughout the chain.
as[34]
Z =
∫
dr0du0duLdrLe
−C(r0,rL)
∫
r(0)=r0,r(L)=rL
u(0)=u0,u(L)=uL
D[r(s)]e−βH[u(s)]−kLr¯−λL−λ||L(1−u¯) (13)
All constraints are satisfied on average by minimizing the free energy F = − log(Z) with
respect to each of the Lagrange multipliers.
The free energy is readily evaluated with these endpoint effects using an explicit evaluation
of the partition function[34], leading to a bulky expression that is tedious to work with.
However, it is straightforward to see that the extensive contribution to the free energy
unchanged by the inclusion of the endpoint effects in the limit L → ∞. This means that
the mean field solutions for the bulk parameters λ, λ||, and k are unchanged for long chains.
Differentiation with respect to the endpoint Lagrange multipliers yields four equations that
are also exactly solvable in the limit of L→∞, and one can show γ1 = dc(2r¯−1e − r¯−1)/4,
γ2 = lu¯/2Rr¯, δ = (3− dc)(1− 2u¯+ u¯e)/4(1− u¯)(1− u¯e), and δ⊥ = (3u¯− dc)/u¯(1− u¯) −
2(3u¯e − dc)/u¯e(1 − u¯e). These mean field solutions allow a computation of many mean
quantities of interest in terms of the phenomenological parameters u¯, r¯, u¯e, and r¯e. In
this paper I focus solely on bulk statistics (where endpoint effects can be neglected), since
experiments typically focus on long chains and inclusion of these effects require the use of
more free parameters than the two (u¯ and r¯) in the main text.
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5.3 Confined Gaussian Chains
The propagator for a Gaussian chain confined to a slit centered at the origin and of width
2R can be determined exactly[36], with
GL(z|z0) ∝
∞∑
k=1
sin
(
kpi
(z −R)
2R
)
sin
(
kpi
(z0 −R)
2R
)
e−Lapi
2k2/24R2 (14)
with an average monomer position far from the endpoints given by
〈z2〉 =
∫ R
−R
dzdz0z
2GL(z|z0)
/∫ R
−R
dzdz0GL(z|z0) (15)
. In the limit of R → 0, this is dominated by the ground state and only the k = 1 term
need be included. In this limit, it is straightforward to find 〈z2〉/R2 = r¯ → 1−8/pi2 ≈ 0.19.
For nonzero R the mean can still be readily evaluated, with
〈z2〉 = R2
(
1− 8
pi2
∑
k odd k
−4e−Lapi2k2/24R2∑
k odd k
−2e−Lapi2k2/24R2
)
(16)
Note that this has the expected limiting behavior of 〈z2〉/R2 → 1/3 as R→∞.
The Gaussian propagator for cylindrically confined chains is also known[35], with
G⊥(r⊥|r0⊥) ∝
∑
m
cos[m(φ− φ0)]
∞∑
n=0
Jm(αmnρ0/R)Jm(αmnρ/R)
Jm+1(αmn)Jm+1(αmn)
e−α
2
mnLa/6R
2
(17)
where αmn is the n
th root of the mth Bessel function. This is clearly a more tedious
propagator to work with, but it can be shown that the qualitative features of 〈r2⊥〉 will
remain the same: for R = 0 the mean 〈r2⊥〉/R2 = r¯ = (2J2(α00)−α00J3(α00))/α00J1(α00) ≈
0.35, and will monotonically increase to the R→∞ limit of r¯ = 1/2. Note that the value
of r¯ = 0.35 is somewhat larger than the minimum seen in the simulation data in the inset
of Fig. 1(B), consistent with the results observed in the main panel of Fig. 1(B).
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